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We consider eigenmodes of one-dimensional quasistatic plasmons in periodic graphene structures with
junctions of three different types. From the numerical solutions of Maxwell’s equations, we reconstruct the
transmission and reflection coefficients for single junctions, which are in perfect agreement with the avail-
able analytical results. Using our method, we calculate reflections from the double-junction structures
and compare them with the semiphenomenological transfer-matrix approach based on the correspond-
ing single-junction solutions. Limitations of the latter approach in designing plasmon resonators and
waveguides based on graphene or other two-dimensional conducting materials are discussed.
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I. INTRODUCTION

Graphene is an ideal material for conducting and pro-
cessing electrical signals due to its high carrier mobility,
surface-plasmon wave confinement, and excellent electri-
cal tunability [1–10]. As in the case of microwave and
optical communication engineering, reflection of collec-
tive plasmon excitations among different circuit elements
is essential.

Plasmon scattering in graphene one-dimensional (1D)
junctions was studied recently both theoretically [11–17]
and experimentally [18–20]. In particular, the following
types of junctions have been discussed: (1) an abrupt
interface, i.e., the discontinuous doping level of the two-
dimensionl (2D) material [12,13] [see Fig. 1(a)]; (2) local
inhomogeneity, namely, scattering off a discontinuity gap
[11,21] [see Fig. 1(b)], and on a corrugation [22]; (3) dis-
continuity of the dielectric constant in underlying substrate
[15,16] [see Fig. 1(c)]. Those studies of the individual
junctions allow extensions to the more complex struc-
tures with multiple junctions within the scattering and
transfer-matrix approach.

However, because of the nonlocality of the equations
describing the charge carrier density dynamics in 2D con-
ducting materials [23], the scattering waves with ampli-
tudes B1 and A2 [as shown in Fig. 2(a)] are not influenced
by the evanescent waves, provided that the distances of
interest are greater than some characteristic length scale
Le12 and Le21 away from the junction. Our studies verify an
intuitive hypothesis that the characteristic lengths depend
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only on the plasmon properties at the corresponding sides
of the junction:

Le12 = λp1

2
, Le21 = λp2

2
, (1)

where λp1,2 are the corresponding plasmon wavelengths
outside of the junction.

Similarly, in the case of transmission through a double-
junction barrier, one can assume that a transfer matrix (T
matrix) constructed from the solution of the individual bar-
riers scattering problem is applicable, provided that the
separation L between the barriers is larger than the plasmon
wavelength λp0 [as shown in Fig. 2(b)]. However, we find
that the minimum length L, when the T matrix model is still
applicable, is not always limited by λp0, but it also depends
on the plasmon wavelengths outside of the junction region,
i.e., λp ,±1.

II. COMPUTATIONAL DETAILS

In this work, we develop a method for retrieving scat-
tering coefficients of graphene plasmon junctions. The
method is based on the assumption that the T-matrix
approach is applicable in structures with multiple junc-
tions. We do the calculations for the variable length L
between the two junctions. Initially, we choose L to be
much bigger than any of the three plasmon wavelengths,
i.e., in the region between the junctions, and on both sides
of this region [as shown in Fig. 2(b)]. Then we gradu-
ally reduce L to find the conditions when the T-matrix
approach ceases to be valid. Neglecting retardation effects
(i.e., considering quasistatic plasmons) and transforming
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(a) (b) (c)

FIG. 1. Schematic view of the three junction geometries: (a) discontinuity in the doping level, (b) gap in graphene, and (c)
discontinuity in the underlying substrate.

geometries in Fig. 1 to the periodic arrays (as shown
in Fig. 3) enables us to study multiple junctions and to
employ the Fourier expansion for the plasmonic modes’
solution. As a result, the problem is reduced to a standard
eigenvalue-eigenvector problem. The quasistatic approxi-
mation preserves the nonlocality of the equations, and it is
valid due to the small radiative losses during the scattering
event [24]. Typical plasmon wavelengths in graphene are
in the range of 150–200 nm, which are 2 orders of mag-
nitude smaller than the corresponding light wavelengths at
the plasmon’s frequencies.

The propagating plasmon mode is determined by the
charge-carrier density distribution in graphene that, in gen-
eral, can be written as σω,q (x, t) = Re

{
σ0eiωt−iqx

}
, where

σ0 is the complex amplitude, ω is the frequency, and q is a
wavevector. A relationship between ω and q is given by a
solution of the following dispersion equation [25]:

ω

iγω
= 2πq

κ
, κ = εa + εb

2
, (2)

where εa and εb are dielectric permittivities of the media
above and below graphene, correspondingly. The conduc-
tivity of graphene γω is taken here according to the Drude
model [26]:

γω = e2μc

π�2 (iω + ν)
, (3)

where μc is the Fermi energy in graphene, and ν is the
electron scattering rate. In the area, that is at least a few
plasmon wavelengths λp = 2π/q away from the junction,

(a) (b)

FIG. 2. Sketch of the individual (a) and double (b) junctions
with propagating waves with amplitudes Ak, Bk scattered by
them. The wiggling lines show the characteristic distances at
which evanescent waves fade away.

the total charge-carrier density can be represented by a
linear combination of running waves σω,q and σω,−q in
opposite directions. Therefore, the amplitudes A(i,r,t) in
Figs. 1(a)–1(c) describe the complex charge-carrier den-
sity waves, spreading in the designated directions labeled
by (i, r, t): incident, reflected, and transmitted, correspond-
ingly. We define the reflection and transmission coeffi-
cients ρ and τ as the ratios ρ = A(r)/A(i) and τ = A(t)/A(i).

In a more general case, when waves impinging upon
a junction from both sides [see Fig. 2(a)], the incoming
and the outgoing waves are related with each other by the
scattering matrix:

[
A2
B1

]
= S12

[
A1
B2

]
, S12 =

(
τ12 ρ21
ρ12 τ21

)
. (4)

It can be shown directly from the analytical expres-
sions [12], that at least in the case of a discontinuous-
conductivity junction the ρ and τ coefficients do not
have a similar structure as Fresnel’s coefficients in optics.
For example, the well-known relations ρ12 = −ρ21 and
τ12τ21 − ρ2

12 = 1 are no longer satisfied. Nonetheless, anal-
ogously to the quantum-mechanics scattering, the scatter-
ing matrices are governed by the following relation (see
Ref. [27]):

S12 · S∗
21 = I , (5)

where I is the identity matrix, the dot means matrix mul-
tiplication, and the asterisk means elementwise complex
conjugation. It reflects a generalized form of Fresnel’s rela-
tions known from optics. In the case of real coefficients ρ
and τ , Eq. (5) reduces to Fresnel’s relations. In the case of
scattering of a local inhomogeneity [see Fig. 1(b)], when
ρ12 = ρ21 = ρ and τ12 = τ21 = τ , Eq. (5) gives a trivial
relation |ρ|2 + |τ |2 = 1 expressing the energy flux conser-
vation as well as a less obvious relation τρ∗ + ρτ ∗ = 0,
which means that if ρ �= 0 and τ �= 0, it is mandatory for
both of them to have nonzero imaginary parts.

We employ the Fourier expansion method [23,25] to
solve self-consistently Maxwell’s equations for the elec-
trostatic field and the charge-carrier density in graphene
in a periodic array of junctions shown in Figs. 3(a)–3(c).
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(a) (b) (c)

FIG. 3. The geometries adapted for numerical calculations and studying interference between closely located junctions correspond-
ing to the junction types depicted in Fig. 2.

According to Bloch’s theorem, any unknown solution
σ (x, t) can be represented as

σ (x, t) = Re eiωt−iKxσω0 (x) , (6)

where K is a quasimomentum and σω0 is a periodic
function with the period d = W + L, see Appendix A.

In Fig. 4, we show one of the eigenmodes, which
depends only on the size parameters W, L, and the phase
shift � = Kd between the oscillations in the adjacent unit
cells due to the quasistatic approximation considered here.
The phase shift is introduced to avoid singularity in the
equations for the complex reflection and transmission coef-
ficients. The plasmon wave amplitudes Ak and Bk, shown
in Figs. 3(a)–3(c), can be found by fitting a numerical solu-
tion to a combination of the running waves spreading in

FIG. 4. Example of the numerical solution along with the fits
to Eq. (B3) in the case of a discontinuous-substrate geome-
try [see Fig. 1(f)] for the following parameters: W = 1000 nm,
L = 500 nm, ε1 = 3.9, ε2 = 10, and � = 0.6π . Lind1 and Lind2
are the indentation lengths determining the ranges at which the
curve fitting is done. λp1 and λp2 are plasmon wavelengths in
two regions of the unit cell. The fit error defined by Eq. (8) is
equal to log10 Efit = −2.75. The number of Fourier harmonics is
N = 1500.

both directions (see Appendix A):

σ
(model)
ω0 (x) = A exp [−iq (x − xL)]

+ B exp [iq (x − xR)] ,

x ∈ [xL + Lind .. xR − Lind] ,

(7)

where A and B are the amplitudes of the propagating
waves moving to the right and to the left, correspond-
ingly in a given region between the two junctions; xL and
xR are x coordinates of the junction boundaries; q is the
plasmon wavevector; and Lind is the indentation from a
junction needed to bound the region at which the fitting
with the combination of propagating waves is possible.
Here, we use Lind = λp/2 (half wavelength of a plasmon
in the region between the junctions) and make sure that the
residual of fitting:

Efit =
√√√√ 1

Np

Np∑

k=1

∣∣∣σω0 (xk)− σ
(model)
ω0 (xk)

∣∣∣
2

(8)

is always low enough; here Np is the number of data points
for which the curve fitting is done. Numerically obtained
eigenmodes σω0 (x) are normalized by max |σω0 (x)| before
fitting. Plasmonic modes at the geometries in Figs. 3(a)
and 3(c) have two regions where the fits and their errors
Efit1.2 are calculated.

Using the superposition principle, one can construct S
matrices S12 [or S11 for the case of the geometry shown
in Fig. 3(b)] from the known plasmon wave amplitudes,
see details in Appendix B. To make sure that the result
is correct, we analyze two more residuals based on the
energy-flux conservation EP (see details in Appendix B)
and error in the scattering matrix ESM:

EP = |1 − R − T| ,

ESM =
∑

i,j =1,2

∣∣∣
{
S12 · S∗

21 − I
}

ij

∣∣∣ , (9)

where R and T are the energy-flux reflection and transmis-
sion coefficients.
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III. RESULTS FOR SCATTERING BY SINGLE
JUNCTIONS

The results of our numerical method for the scattering
coefficients in the three cases of junctions shown in Fig.
(1) are presented in Fig. 5. In the quasistatic approxima-
tion, the refection in the cases of discontinuous doping and
substrate does not depend on frequency. We use a mode
with the smallest EP for a given set of arguments (μc2/μc1
or ε2). The average decimal logarithms of residuals Efit,
EP, ESM, and their standard deviations are calculated over
all the data points presented in the corresponding panels.
Very small values of the fit error (approximately 10−3) in
all three cases prove our assumption of the criteria in Eq.
(1).

We find numerically, as seen from the plots in Fig. 5(a)
and 5(c), that for the asymmetric junctions, the relation
|ρ12| = |ρ21| always takes place, which is a consequence
of Eq. (5).

For the cases of discontinuous-doping and gap-in-
graphene junctions, analytical solutions are available [12,
21]. The former in our notation reads

ρ12 = e−iϑ 1 − α

1 + α
, τ12 = 2

√
α

1 + α

√
s1

s2
,

ϑ = π

4
− 2
π

∫ ∞

0

arctan (αu) du
1 + u2 , α = μc2

μc1
,

(10)

where sk ∝ μ2
ck (see the details in Appendix B). The latter

is given by

ρ = iπ
iπ − C − log

(
πL/2λp

) , L � λp , (11)

where C = 0.855 · · · is Euler’s constant. They are shown
by the solid curves in Figs. 5(a) and 5(b) and they agree
perfectly with the results obtained using our numerical
method.

In the case of a discontinuous substrates, a simple ana-
lytical expression is not available. Using results from Ref.
[16] applicable in the |ρ12| � 1 limit and results from Ref.
[12], we develop a phenomenological model:

|ρ12| =
∣∣λα1 − λα2

∣∣β
(
λα1 + λα2

)β , λi=1,2 = (ε0 + εi)
−1 , (12)

which works extremely well when ε2 � ε1, as shown in
Fig. 5(c). The only two adjustable parameters α and β
are given in Table I. The clear dependencies of α and β
on the substrate’s dielectric permittivity confirm the point
presented in Ref. [16] that the function ρ12 (ε1, ε2) does
not have a simple analytical scaling even in the quasistatic
case, which neglects scattering into radiative modes.

(a)

(b)

(c)

FIG. 5. Numerically (markers) and analytically (solid lines)
calculated field reflection coefficient’s |ρ12| scaling relations in
the cases of (a) discontinuous-doping-level junction versus the
ratio of the Fermi energies; (b) gap-in-graphene junction versus
the ratio of the gap’s width to plasmon wavelength in graphene.
(c) Numerically calculated (markers) and fit of the model func-
tion in Eq. (12) (solid lines) in the case of discontinuous-substrate
junction versus dielectric permittivity ε2. Four fixed values of
the dielectric permittivity ε1 of the substrate under incident and
reflected plasmon areas are used. Fit parameters (α, β) are given
in Table I. Fermi energy of graphene in the calculations is given
as μc = 300 meV, but the result does not depend on this value. In
all our calculations, dielectric permittivity of the medium above
graphene is ε0 = 1.
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TABLE I. Fit parameters in Eq. (12) giving the absolute values
of the reflection coefficients in the case of a discontinuous-
substrate junction shown in Fig. 1(c).

ε1 α β

1 0.896 1.829
3.9 0.856 1.948
7 0.834 1.914
10 0.847 1.959

IV. SCATTERING BEYOND THE ISOLATED
JUNCTION LIMIT

The conditions, when the numerical methods used for
calculating dependencies in Fig. 5 converge, are directly
related to the question of the interaction of neighbor-
ing junctions. While the numerical accuracy depends on
parameters such as Fourier harmonics truncation number
N and the indentation lengths for the fits Le12 and Le21
shown in Fig. 2(a), the resulting scattering coefficients are
strongly dependent also on the number of plasmon wave-
lengths fit in the plasmon-supporting regions n1, n2 and the
number of the longer wavelengths fit in the shorter region
ψ :

n1 = W
λp1

, n2 = L
λp2

, ψ = min {W, L}
max

{
λp1, λp2

} . (13)

The presented results in Fig. 5 are calculated for
n1, n2,ψ � 10. The comprehensive analysis of the
numerical results in three-dimensional parameter space
n1, n2,ψ � 10 burdens the narrative of this work. There-
fore, we consider only one case, which shows all the key
features of the reflection’s behavior. In discontinuous dop-
ing and periodic substrate geometries with fixed W, λp1 >

λp2 we calculate the scattering parameters versus L < W
by choosing eigenmodes with n1 > 10. In such cases, we
examine dependencies on n2 (or ψ = L/λp1) of both the
junction’s scattering coefficients and those of a barrier
formed by two junctions limiting the L-length region [see
Figs. 3(a) and 3(c)].

It is natural to compare numerical results for scattering
calculations of a barrier with the transfer-matrix approach
(see the details in Appendix B). The transfer-matrix solu-
tion by a double barrier is given by the following expres-
sion:

ρ(TM) = ρ21 + P2
1ρ12 (τ12τ21 − ρ12ρ21)

1 − P2
1ρ

2
12

, (14)

where P1 = e−iqL, q is the plasmon wavevector, L is the
barrier length, i.e., a distance between the junctions, ρik, τik
are the scattering coefficients of the individual junctions.
The results for two types of junctions are presented in
Figs. 6(a) and 6(b). They reveal dependence of the absolute

value of the reflection coefficient from the barrier versus its
normalized length L/λp2, calculated using both numerical
approach and T-matrix approach, Eq. (14). The scattering
coefficients ρik, τik substituted into Eq. (14) in the case
of discontinuous-doping junctions are calculated using the
exact analytical expressions Eq. (10). In the case of dis-
continuous substrate junctions ρik, τik are taken from our
numerical results shown in Fig. 5(c).

The TM-based approximation predicts very accurately
positions of the Fabry-Perot resonances even under the
condition when it should not be applicable, i.e., at n2 �
0.5. Moreover, the ρ (L) dependence shows nonphysical
behavior at L = 0. As it is seen from the plots, ρ (L = 0) �=
0, but this is determined by the general relations between
the complex scattering coefficients in Eq. (5). In the case of
Fresnel’s relations for τ and ρ, Eq. (14) gives identically
zero for ρ(TM) in the limit L = 0. However, plasmonic scat-
tering coefficients follow Eq. (5) and they often have non-
trivial complex phases (see, for instance, Eq. (10) and Ref.
[28]), which makes it impossible to turn the expression in
brackets (τ12τ21 − ρ12ρ21) to be identically one. Widely
used phenomenological methods for calculating plasmon
reflection omit its complex phase, which lead to wrong
resonant peaks positions in plasmonic resonators (e.g., see
comparison between the phenomenological model and the
exact solution in Ref. [29]). Taking into account the gen-
eral relation Eq. (5), one can conclude that preserving
both correct positions of the Fabry-Perot resonances and
the correct behavior of ρ(TM) at small lengths of the res-
onator is impossible in the framework of the pure T-matrix
approach.

The numerical reflection coefficients in Figs. 6(a)
and 6(b) show different behavior for even and odd Fabry-
Perot resonances. The heights of the even resonances
increase with the mode number, while the heights of the
odd resonances decrease. A similar trend is observed in
modeling plasma wave resonances excited in 2D electron
channel [23]. It can be explained by the obvious differ-
ence in the total electric charge of a standing wave of
the charge density inside the barrier for different types of
resonances. The first resonance in Fig. 6(a) reaches 99%
reflection that potentially may be exploited in designing
high on:off ratio plasmonic switches. From the examples
shown in Figs. 6(a) and 6(b), one can see that the full-wave
calculations of the reflection coefficients relax toward the
T-matrix model at n2 � 5. The number “5” comes from
the dependence of the interaction length between the two
junctions on both the plasmon wavelength λp2 between the
junctions, and λp1 outside of the junction. To show this,
we perform similar calculations as in Figs. 6(a) and 6(b),
but for the case of “inversed” geometries (i.e., when λp1 <

λp2), see Appendix C. These calculations, and others for
different junction parameters (e.g., λp1/λp2 ∼ 3, 10, 20),
lead us to the conclusion that the two junctions in our
periodic geometries can be modeled using the T-matrix
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(a) (b)

(c) (d)

(e) (f)

FIG. 6. Plasmon reflectance from double-junction barriers of two kinds versus barrier length normalized to the plasmon wavelength
in the barrier region λp2: full-wave simulations (circles) and the T-matrix model (solid curves). (a) The barrier is formed by two
discontinuous-doping junctions with two transitions between the graphene doping: μc → 0.2μc and 0.2μc → μc, (μc = 300 meV,
λp2 = 30.8 nm), graphene is supported by homogeneous substrate with dielectric permittivity ε1 = 3.9. (b) Results for the barrier
formed by two discontinuous-substrate junctions: ε1 → ε2 and ε2 → ε1, (ε1 = 3.9, ε2 = 20, and λp2 = 35.9 nm), Fermi energy of
homogeneously doped graphene is μc = 300 meV. (c),(d) Absolute value of ρ12 (purple line) and its complex phase (green line)
retrieved from the same eigenmodes that are used for numerical calculating of the dependencies in the corresponding panels (a)
and (b). The horizontal lines of the corresponding colors indicate the values toward to which |ρ12| and ϑ (or arg ρ12) relax at big
n2 = L/λp2. (d),(f) Corresponding values of residuals EP, Efit, and ESM.

approach if n2 = ψ � 1 (while W > L is still satisfied).
For the case of barrier in Fig. 2(b), we can now formulate
a trivial (but not obvious) phenomenological condition for
the interaction distance between the two junctions:

L � max
{
λp0, λp ,−1, λp1

}
. (15)

V. DISCUSSION OF THE RESULTS

To illustrate applicability of the T-matrix approach, we
plot in Figs. 6(c) and 6(d) single-barrier reflection coef-
ficients ρik when n2 ≥ 1.5 and it is possible to make the
fitting with the running waves. Note, that Eq. (14) gives
exactly the same field reflectance from the double barrier
as the numerical result, if ρik from Figs. 6(c) and 6(d) are
used instead of single-barrier solutions in Eqs. (10) and
(12). The square root of

∣∣ρ − ρ(TM)
∣∣2, averaged over all

points, is less than 10−4% with the maximum deviation of
0.02%.

Figures 6(e) and 6(f) show the residuals Efit, ESM, and EP
associated with the upper panels. For n2 < 1.5, we do not

fit numerical solutions to the running waves inside the bar-
rier. EP in that case is not shown because it is very small
(about 10−8). The overall fit of all the calculated modes
is as perfect as in the case of a single-junction example
shown in Fig. 4. The small value of ESM proves good accu-
racy of the numerical solutions for the charge distribution
in Eq. (6). For instance, ESM ∼ 10−6 corresponds to the rel-
ative error of ρik, τik of about 10−3. This can be considered
a very good accuracy taking into account the slow conver-
gence of the reflection coefficient with increasing n2, see
Figs. 6(c) and 6(d).

A relatively big value of EP ∼ 10−2 can not be con-
sidered as a measure of ρik, τik inaccuracy. This can be
explained by the example of the plasmon scattering from
the gap in graphene junction. It can be viewed as a bar-
rier formed by the two discontinuous-doping junctions
in the limit of zero doping inside the barrier (μc2 →
0). Since there is no current or charge density inside
the gap formally we have τ12 → 0. This might imply
that the net transmission through the double junction is
also τ (TM) = 0. However, numerical finite transmission
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coefficient is explained by the capacitive coupling across
the gap (see, for instance, Ref. [21]) and large EP demon-
strates energy-flux leakage in the junction through the
capacitive coupling. Moreover, this conclusion does not
contradict the T-matrix model solution. Indeed, since we
know that the transmission through the gap is finite,
it should imply that τ21 → ∞. Therefore, the T-matrix
expression:

τ (TM) = P1τ12τ21

1 − P2
1ρ

2
12

(16)

is undefined in this case.
As in the case of reflection, we compare transmission

τ calculated through the whole barrier and τTM from the
T-matrix model with the single-junction scattering coeffi-
cients ρik, τik obtained numerically as shown in Figs. 6(c)
and 6(d). In this case, we see a perfect matching, i.e., the
square root of the average of

∣∣τ − τ (TM)
∣∣2 is approximately

10−4% and the maximal value of
∣∣τ − τ (TM)

∣∣ is approxi-
mately 0.02%. Thus, the reflection calculations presented
in Figs. 6(c) and 6(d) are not just fitting parameters in the
T-matrix model. The obtained scattering coefficients ρik,
τik both satisfy the general relationship for the S matrices in
Eq. (5) and are self-consistent with the numerical solutions
of the Maxwell equations. Therefore, in the case of closely
packed plasmonic junctions, traditional approach for the
reflection and transmission coefficients becomes invalid.
As demonstrated in Figs. 6(c) and 6(d), the solutions also
depend on the optical paths of the plasmon waves (n1 and
n2 in our notations).

VI. CONCLUSIONS

In conclusion, we demonstrate that plasmon-scattering
coefficients can be reconstructed directly from the numer-
ical solutions of Maxwell equations for quasistatic plas-
mons with controllable accuracy. Our technique can be
used to extract transmission coefficients from the numer-
ical eigenvalue solutions for plasmons including com-
mercial software implementing the final-element methods
for potentially more complex structures. For example, the
eigenmode solver of the COMSOL package is already used
to calculate plasmons in some 1D plasmonic structures
[30], the HFSS package has also its own eigenmode solver.
We find that the limitation on the minimal length between
the two junctions, when the T-matrix method is applicable,
depends as well on the plasmon wavelengths outside of the
junction.

VII. OUTLOOK

The spatial or temporal alternations of the dielectric
environments of 1D junctions are important for innova-
tive applications in 2D plasmonic systems. Our results

facilitate designs of plasmonic resonators, topological
waveguides, modulators, and photonic switches etc. based
on graphene and others conducting 2D materials. Particu-
larly, electrostatic gating, ultrafast photoexcitation, moire
and substrate engineering (e.g., suspension) can be uti-
lized to modulate the plasmon polariton propagation in
on-chip 2D devices. With further advances in the lithogra-
phy and sample-fabrication techniques, extreme subwave-
length photon manipulation can also be expected at the
visible to near-infrared telecommunication frequencies.
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APPENDIX A: GETTING PLASMON
EIGENMODES

For geometries shown in Figs. 3(a) and 3(c), i.e.,
discontinuous-doping and substrate junctions, we apply
Maxwell’s equations, boundary conditions, continuity
equation, and Ohm’s law. These equations are reduced to
a homogeneous system of linear equations, which gives
both the frequency spectrum and the corresponding com-
plex harmonics for the current density in graphene [25].
For convenience, we apply the quasistatic approximation
that reduces the problem to an ordinary problem of finding
eigenvalues and eigenvectors.

The complex spatial distribution of the electric field
above graphene can be represented as

E(0) (x, z) =
∞∑

j =−∞
aj

⎡

⎣
iκ0,j

0
qj

⎤

⎦ e−iqj x−κ0,j z, (A1)

where aj are unknown amplitudes; qj = K + B0j are real
wavevectors, where K is a quasimomentum and B0 =
2π/d is the reciprocal unit cell’s period. The decay rates of
the evanescent waves are κ0,j =

√
q2

j − ε0(ω2/c2), where
ε0 is the dielectric permittivity of the medium above
graphene and ω is the plasmon frequency and c is the speed
of light.

For the geometry shown in Fig. 3(b), the solution can-
not be easily obtained by putting graphene conductivity to
zero in the corresponding areas [21]. Therefore, we start
with the Poisson equation together with Ohm’s law and
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the continuity equation [12,23]. This allows us to reduce
the solution to an eigenvalues-eigenvectors problem as in
the two other cases.

1. Discontinuous-doping geometry

We represent an electric field in the medium below
graphene as Fourier series:

E(1) (x, z) =
∞∑

j =−∞
bj

⎡

⎣
γ1,j
0
αj

⎤

⎦ e−iB0(αj x−γ1,j z), (A2)

where αj = qj /B0, γ1,j =
√
ε1(ω2/c2)− q2

j /B0, and ε1 is
the dielectric permittivity of the medium below graphene.

Relationship between the complex current distribution
j (x) and the electric field component Ex (x) in graphene
plane is given by Ohm’s law: j (x) = γω (x)Ex (x). In a
Fourier domain, the latter is reduced to

uj =
∞∑

l=−∞
γω,j −lEx,l, (A3)

where uj , Ex,j , and γω,j are the coefficients of the Fourier
expansions of j (x), Ex (x), and γω (x), correspondingly

j (x) =
∞∑

j =−∞
uj e−iqj x, Ex (x) =

∞∑

j =−∞
Ex,j e−iqj x,

γω (x) =
∞∑

j =−∞

γω,j

2
e−iqj x, γω,j = 2

d

∫ d
2

− d
2

γω (x) eijB0x.

(A4)

We also introduce Fourier harmonics sj of the charge
density σ (x) in graphene:

σ (x) =
∞∑

j =−∞
sj e−iqj x, (A5)

which are connected to uj according to iωsj = iqj uj . The
latter follows from the charge conservation law:

∂σ

∂t
+ ∂j
∂x

= 0. (A6)

We take the conductivity of a homogeneous graphene sheet
according to the Drude model [see Eq. (2)] and introduce
a discontinuity of the doping as

μc (x) =

⎧
⎪⎪⎨

⎪⎪⎩

μc1, |x − nd| ≤ W
2

μc2,
∣∣∣∣x −

(
n + 1

2

)
d
∣∣∣∣ ≤ L

2

, (A7)

Eq. (A7) allows us to reduce γω,j −l to a product γω · γjl,
where γjl is a symmetric matrix, which depends only on

the ratio of μc2/μc1 and the geometrical scaling parameter
r = W/L.

In summary, we have to solve the following set of
equations.

(a) Boundary condition for the tangential components
of the E-vector:

aj iκ0,j = E(1)x,j (A8)

(b) Boundary condition for the normal components of
the D-vector:

ε0aj qj − D(1)
z,j = 4πsj . (A9)

(c) Ohm’s law:

uj = γω

∞∑

l=−∞
γjlE

(1)
x,l . (A10)

(d) Charge conservation equation and relationship
between D(1)

z,j and E(1)x,j :

iωsj = iqj uj ,
D(1)

z,j

E(1)x,j

= ε1αj

γ1,j
. (A11)

These equations are reduced to the following linear system
of equations:

∞∑

m=−∞

[
δjm − 4π iγω

ω
γjmκ0,mRm

]
um = 0, (A12)

where δjm is the Kronecker symbol and

Rj = 1

ε0 − ε1
iκ0,j

B0γ1,j

. (A13)

In the quasistatic approximation, when
√
εlω/c � K , B0,

κ0,j , and γ1,j are equal to
∣∣qj

∣∣ and −i
∣∣αj

∣∣, correspondingly,
Eq. (A12) are reduced to an eigenvalue problem.

2. Discontinuous-substrate geometry

In this case, the electric field below graphene can be
represented as a linear combination of the basis functions
according to the following ansatz:

E(1) (x, z) =

⎧
⎪⎨

⎪⎩

E(1,2) (x, z) , −W/2 ≤ x < W/2
E(1,1) (x, z) , W/2 ≤ x < d/2
E(1,1′) (x, z) , −d/2 ≤ x < −W/2

,

(A14)

where
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E(1,2) (x, z) = eiκz

⎛

⎝B+

⎡

⎣
−iκ

0
q2κ

⎤

⎦ e−iq2κ

(
x+ W

2

)

+ B−

⎡

⎣
−iκ

0
−q2κ

⎤

⎦ eiq2κ

(
x− W

2

)
⎞

⎠ , (A15)

E(1,1) (x, z) = eiκz

⎛

⎝A+

⎡

⎣
−iκ

0
q1κ

⎤

⎦ e−iq1κ

(
x− W

2

)

+ A−

⎡

⎣
−iκ

0
−q1κ

⎤

⎦ eiq1κ

(
x−

[
L+ W

2

])
⎞

⎠ , (A16)

E(1,1′) (x, z) = eiκz+i�

⎛

⎝A+

⎡

⎣
−iκ

0
q1κ

⎤

⎦ e−iq1κ

(
x+

[
L+ W

2

])

+ A−

⎡

⎣
−iκ

0
−q1κ

⎤

⎦ eiq1κ

(
x+ W

2

)
⎞

⎠ , (A17)

where q1,2κ
= √

κ2 + ε1,2ω2/c2. A similar ansatz was
applied in Ref. [31] for the light diffraction on a grat-
ing problem. Matching the boundary conditions for the
E- and D- vectors on the vertical bounds of the media
at x = ±W/2 leads to the spectral equation, from which
κ = {

κj
}
, j = 1 .. ∞ can be found:

cos (ϕ1 + ϕ2)

[
2 + a2

a1
+ a1

a2

]

− cos (ϕ1 − ϕ2)

[
a2

a1
+ a1

a2
− 2

]
= 4 cos�,

ϕ1 = q1κ
L, ϕ2 = q2κ

W, a1 = ε1

q1κ

, a2 = ε2

q2κ

.

(A18)

For convenience, we consider a dielectric media with
permittivity independent of ω and zero imaginary part,
i.e., Im εm = 0. The quasistatic approximation gives q1κ

=
q2κ

= κ. Once the κ spectrum is found, it is possible to
retrieve amplitudes A+, A−, B+, and B−. Any E(1) (x, z)
function is a linear combination of the basis functions
E(1)

κ
(x, z):

E(1) (x, z) =
∑

κ

C
κ

E(1)
κ
(x, z) . (A19)

To find C
κ

, we need to match the tangential component
of the electric field below graphene Eτ (x) = ∑

κ
C

κ
Eτ ,κ

and the normal component of the electrical displacement
vector Dn (x) = ∑

κ
C

κ
Dn,κ , where

Eτ ,κ = E(1)x,κ

∣∣
z=0 , Dn,κ = ε1 (x) E(1)z,κ

∣∣
z=0 , (A20)

ε1 (x) =

⎧
⎪⎨

⎪⎩

ε2, −W
2

≤ x − nd <
W
2

ε1, −L
2

≤ x −
(

n + 1
2

)
d < L

2

, n ∈ Z.

(A21)

Then we expand the basis functions into the Fourier series:

Eτ ,κ (x) =
∞∑

j =−∞
ε

κj e−iqj x, Dn,κ (x) =
∞∑

j =−∞
Δ

κj e−iqj x.

(A22)

The equations for C
κ

follow from a set of equations.

(a) Boundary condition for the tangential components
of the E-vector:

aj iκ0,j =
∑

κ

C
κ
ε

κj . (A23)

(b) Boundary condition for the normal components of
the D-vector:

ε0aj qj −
∑

κ

C
κ
Δ

κj = 4πsj . (A24)

(c) Ohm’s law and charge conservation equation:

uj = γω
∑

κ

C
κ
ε

κj iωsj = iqj uj . (A25)

The boundary conditions are reduced to a homogeneous
system of linear equations:

2N+1∑

l=1

(
Ajl −�δjl

)
C

κl = 0, (A26)

where� = ω/ (iγω4πB0), N ∼ 1000 is the Fourier expan-
sion truncation number, and Ajl form a square matrix that
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can be calculated as

A =
{
ε0

qj

κ0,j
ε

κj − iΔ
κj

}−1

· {αj εκj
}

, (A27)

where the curly braces must be considered as operators
converting the function of two variables f (j , κ) to the
matrix M as follows:

M ={f (j , κ)} , Mjl = f (j , κl) ,

j = −N .. N , l = 1 .. 2N + 1.
(A28)

The obtained matrix Eq. (A26) together with the spectral
Eq. (A18) work also without the quasistatic approximation.
But in that case, solution of Eq. (A28) involves additional
computational efforts, which are beyond the scope of this
work.

3. Gap in graphene geometry

The solution for a similar problem, but for the case of
zero-quasi-momentum (K , � = 0) was presented in Ref.
[25]. The method of describing plasma waves in 2D elec-
tron systems within the quasistatic approximation involv-
ing an integral equation was presented in Refs. [12,23]. In
the case of the quasistatic approximation, there are only
three unknown functions: a sheet charge density σ (x, t),
a linear current per graphene stripe length I (x, t), and an
electric field’s tangential component Ei

x (x, t) in graphene.
As before, we represent these functions in terms of the
complex amplitudes σω (x), Iω (x), and Ei

xω (x):

σ (x, t) = Re
[
eiωtσω (x)

]
,

I (x, t) = Re
[
eiωtIω (x)

]
,

Ei
x (x, t) = Re

[
eiωtEi

xω (x)
]

.

(A29)

These distributions are connected with each other by the
following equations.

(a) Charge conservation:

iωσω (x)+ ∂

∂x
Iω (x) = 0. (A30)

(b) Ohm’s law:

Iω (x) = γωEi
xω (x) , (A31)

(c) Poisson equation:

Ei
xω (x) = 1

κ

∫ ∞

−∞

2σω(x′) dx′

x − x′ , κ = ε0 + ε1

2
, (A32)

(d) Boundary conditions for the current at the graphene
stripe edges: Iω (±W/2) = 0.

According to Bloch’s theorem, oscillations at any two
adjacent graphene stripes differ only by a phase factor:
σω (x + d) = σω (x) e−i�, where d is the system’s period.
Using the symmetry property of σω (x), Eq. (A32) can be
reduced to an integral:

κEi
xω (x) =

∫ W/2

−W/2

2σω(x′) dx′

x − x′ +
∞∑

k=1

×
∫ W/2

−W/2

[
2e−ik�

x − x′ − kd
+ 2eik�

x − x′ + kd

]

× σω(x′) dx′. (A33)

The Fourier series are defined as follows:

F (x) = 1
2

∞∑

j =−∞
fj e−iBWjx,

fj = 2
W

∫ W/2

−W/2
F (x) eiBWjx dx,

(A34)

where F (x) stands for the spatial distributions of σω (x),
Iω (x), or Ei

xω (x), and BW = 2π/W. We obtain the follow-
ing system of linear equations for ul and the frequency ω
of the plasmon modes:

⎧
⎨

⎩

∑N
l=−N

(
Mjl −�δjl

)
ul = 0, � = ω

iγω

κ

πBW∑N
l=−N (−1)l ul = 0,

(A35)

where N is a number of the Fourier harmonics, δjl is
Kronecker’s symbol, and

Mjl = M (0)
jl +

Knb∑

k=1

[
M (k,a)

jl cos k�− M (k,s)
jl sin k�

]
,

M (0)
jl = l

π i
2
W

∫ W/2

−W/2

∫ W/2

−W/2

eiBW(jx−lx′)

x − x′ dxdx′,

M (k,a)
jl = 2l

π i
2
W

∫ W/2

−W/2

∫ W/2

−W/2

(
x − x′) eiBW(jx−lx′)

(x − x′)2 − k2d2
dxdx′,

M (k,s)
jl = 2l

π

2
W

∫ W/2

−W/2

∫ W/2

−W/2

kdeiBW(jx−lx′)

(x − x′)2 − k2d2
dxdx′,

(A36)

where Knb is the maximum number of the neighboring
unit cells. The double-integrals in Mjl can be reduced to
a single-dimensional integral over new variable x − x′. In
our calculations, we use N = 1000 and Knb = 1.
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FIG. 7. Schematics of a plasmon in graphene separating two
media.

APPENDIX B: RETRIEVING THE SCATTERING
MATRIX

For each set of the plasmonic structure parameters,
we calculate lengths W (and L if applicable) which are
expected to give good plasmonic modes for calculating the
scattering parameters. We fix a basis plasmon energy (in
our calculations it is always put to 100 meV) and calculate
the plasmon wavelengths λp1, λp2 in each region support-
ing plasmons. Then the lengths are calculated using this
heuristic formulas:

W, L = 10 max
{
λp1, λp2

}
. (B1)

The numerical solutions for plasmon eigenmodes are
obtained by our solvers in the following form:

σl (x, t) = Re
{
eiωtσ (l)ω (x)

}
, σ (l)ω (x) =

N∑

j =−N

sl,j e−iB0jx,

(B2)

where l ∈ 1 .. 2N + 1 is the eigenmode’s index, B0 =
2π/d is the reciprocal lattice’s period.

For a given l, its own eigenfrequency determines the
plasmon wavelengths λp1 and λp2 in the corresponding
areas in Figs. 3(a)–3(c). We choose the solutions that have
as least several plasmon wavelengths on both sides of the
junction:

W, L � 10 max
{
λp1, λp2

}
.

At the same time, the Fourier resolution should be fine, i.e.,
min{λp1, λp2} � 7 · d/N , where d = W + L is the unit cell
length.

For each numerical solution for the charge density dis-
tribution σω (x), the amplitudes A(0)1 , B(0)1 and A(0)2 , B(0)2 can

be found from the fit to the following function:

σ (model)
ω = A exp [−iq (x − xL)] + B exp [iq (x − xR)] ,

x ∈
[

xL + λp

2
.. xR − λp

2

]
, (B3)

where the fitting parameters A and B are complex and the
wavevector q is real. The left and right bounds of the junc-
tion are xL and xR, correspondingly. An example of the
calculated σω (x), with the corresponding fits, is shown in
Fig. 4.

Once all the amplitudes of the running waves are
retrieved, the scattering matrix [for cases in Figs. 3(a) and
(c)] can be found from the following equation:

S12

[
A(0)1 P1 B(0)1 P1P
B(0)2 P2 A(0)2 P2

]
=

[
A(0)2 B(0)2
B(0)1 A(0)1 P

]
, (B4)

where P1 = e−iq1W, P2 = e−iq2L, and P = e−i� are the
phase factors gained by the waves, and� is the phase shift
between the adjacent unit cells.

Equation (B4) can be reduced to the case of the gap in
graphene junction [see Fig. 3(b)] with the following sub-
stitutions: P2 → P1, P → 2P, A(0)2 → A(0)1 P, and B(0)2 →
B(0)1 P. The symmetric scattering matrix S11 is given by

S11

[
A(0)1 P1 B(0)1 P1P

B(0)1 P1P A(0)1 P1

]
=

[
A(0)1 P B(0)1
B(0)1 A(0)1 P

]
. (B5)

1. Energy carried by the plasmon

Let us consider a plasmon in graphene as shown in
Fig. 7. The sheet charge density wave in graphene is given
by σ (x, t) = Re σωeiωt−iqx, where σω is the plasmon’s com-
plex amplitude, ω is its frequency and q is the wavevector.
Having calculated E and H fields, one can obtain the time-
averaged energy flux per unit length in y direction carried
by the plasmon S = (c/4π)

∫ ∞
−∞ 〈E × H〉 dz, which abso-

lute value scales with the square of the charge density
amplitude |S| = sl |σω|2, where

sl = ω3Re q
16π |γωq|2

(
ε0

|κ0|2 Reκ0
+ εl

|κl|2 Reκl

)
, (B6)

where κ0,l = √
q2 − ε0,lω2/c2, Re κ0,l > 0, are the rates

of the evanescent electromagnetic fields along the z
direction above and below graphene, correspondingly. In

FIG. 8. Schematics of a plasmon scattering by multiple junctions.
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(b)(a)

FIG. 9. Plasmon reflectance in the cases of double-junction barriers of two kinds versus barrier length normalized to the plasmon
wavelength in the barrier region λp2: full-wave simulations (circles) and the T-matrix model (solid curves). (a) Results for the barrier
formed by the two discontinuous-doping junctions: μc1 → μc2 and μc2 → μc1, (μc1 = 60 meV, μc2 = 300 meV, λp2 = 153.9 nm) in
graphene on the substrate with ε1 = 3.9. (b) Results for the barrier formed by the two discontinuous-substrate junctions: ε1 → ε2 and
ε2 → ε1, (ε1 = 20, ε2 = 3.9, λp2 = 153.9 nm) and the doping level of graphene is 300 meV. The calculations use N = 2000.

the quasistatic approximation, Eq. (B6) reduces to sl ∝
|γω|2 / (ε0 + εl)

3.
Therefore, once the s1 and s2 coefficients and the

scattering coefficients ρ12 and τ12 are known, the corre-
sponding energy reflection and transmission coefficients
can be calculated as

R12 = |ρ12|2 T12 = |τ12|2 s2

s1
. (B7)

2. Transfer matrices for plasmon scattering on
multiple junctions

It is easy to obtain the reflection and transmission for
a generalized case of n subsequent regions j = 1 .. n of
lengths dj with the plasmon wave vectors qj . The inci-
dent plasmon is labeled by j = 0 and transmitted plasmon
by j = n + 1. Provided that the scattering coefficients ρik,
τik of each junction at the interfaces between j and j + 1
are known, the resulting scattering coefficients (see Fig. 8)
follow from

τ = 1
ξ0

, ρ = ξ1

ξ0
, ξ =

(
n−1∏

i=0

Ti

)

ζ , ζ = 1
Pnτn,n+1

[
1

Pnρn,n+1

]
,

Ti = 1
Pj τj ,j +1

[
1 −Pj +1ρj +1,j

Pj ρj ,j +1 Pj Pj +1
(
τj ,j +1τj +1,j − ρj ,j +1ρj +1,j

)
]

,

(B8)

where P0 = 1 and Pj = e−iqj dj for j = 1 .. n, dj is length of
the region between the junctions with indices j and j + 1.

APPENDIX C: ADDITIONAL DATA ON THE
REFLECTION BY A DOUBLE BARRIER

Figure 9 shows that full-wave reflection relaxes toward
the T-matrix model in about 0.5λp2 in the cases, when
the plasmon wavelength inside the barrier is significantly
longer than outside of it.

A notably larger numerical noise around the first reso-
nance in Fig. 9(b) is caused by the difficulties in preserving
a big enough value of n1 for the capacitive coupling
between the junctions, at length W apart, to be negligible.
Filtering appropriate values of n1 > 10 · λp2/λp1 reduces
the numerical noise and removes the data points in the
interval of L/λp2 of about [0.01, 0.1] in Fig. 9(a) and
about [0.2, 0.5] in Fig. 9(b). The origin of this noise is not
a lack of the numerical accuracy, but the dependence of
the scattering coefficients on the optical paths of the scat-
tered waves because of the capacitive coupling between
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the junctions. The only way to get rid of it is to satisfy the
following condition: W, L � max

{
λp1, λp2

}
.
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